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E-mail address: itskov@km.rwth-aachen.de (M. ItsTo the best of our knowledge, there are no constitutive models that properly describe experimental data
on anisotropy of the Mullins effect. In this paper, such a micro-mechanical model is proposed for carbon
black ﬁlled rubbers. The model describes the deformation induced anisotropy and permanent set as well.
Damage of the polymer-ﬁller network is considered as a consequence of chain sliding on or debonding
from aggregates. In contrast to previous works on anisotropy of the Mullins effect we do not introduce
any phenomenological damage function. Damage in different directions is governed by a network evolu-
tion concept which describes the changes in the inter-aggregate distribution of polymer chains. The
model includes a few number of physically motivated material constants and demonstrates good agree-
ment with own experimental data on subsequent uniaxial tensions in two orthogonal directions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Regarding considerable economic potential and vast technical
application of rubber-like elastomers, their mechanical properties
have become a subject of intensive studies during the last century.
One of the important mechanical characteristics of rubber is stress
softening after the ﬁrst loading cycle which is referred to as the
Mullins effect. It was experimentally observed and reported (see,
e.g., Mullins, 1948) along with deformation induced anisotropy
and time-independent residual strains generally known as perma-
nent set.
In the last few decades, numerous constitutive models have
been developed in order to describe different aspects of mechani-
cal behavior of rubber-like materials and in particular the Mullins
effect. The proposed concepts can generally be classiﬁed as phe-
nomenological and micro-mechanically motivated models. Among
several phenomenological approaches Dorfmann and Ogden
(2004) applied a theory of pseudo-elasticity which along with
stress softening is able to take into account permanent set.
Although the model is isotropic and does not describe the deforma-
tion induced anisotropy, it shows good agreement with experi-
mental results in one loading direction. Another softening model
proposed by Ehret and Itskov (2009) for soft biological tissues in-
cludes the Mullins effect as a special case and is able to consider
permanent set and deformation induced evolution of anisotropy.
Generally, phenomenological approaches include a number ofll rights reserved.
x: +49 241 80 92401.
kov).material parameters which usually have no physical interpretation
and should be deﬁned by a ﬁtting procedure. These procedures can
be excessively elaborate and numerically expensive. Furthermore,
distinct sets of material parameters can ﬁt to one and the same
set of experimental data and the exact contribution of single
parameters to the material response is often unclear.
According to experimental results stress softening at the same
strain level decisively depends on the ﬁller concentration in the
rubber network. In unﬁlled elastomers softening is negligible but
becomes very pronounced in rubbers with a high ﬁller concentra-
tion. Nevertheless, stress softening in rubber-like materials was
initially attributed solely to the rubber network. Thus, on the basis
of an experimental study Harwood et al. (1965) proposed several
possible sources of damage including debonding and recreation
of cross-links, chains residual stretch and chain breakage. Expand-
ing the above assumption, Marckmann et al. (2002) proposed a
model considering damage as a result of link breakages and matrix
alteration. They incorporated the old network alteration theory
into the eight chain model (Arruda and Boyce, 1993). As a conse-
quence, their model is able to consider stress softening both in un-
ﬁlled and ﬁlled rubbers but does not describe induced anisotropy
and permanent set and shows an unrealistic stress upturn in the
primary loading. Chagnon et al. (2006) further optimized the net-
work alteration theory by relaxing some basic assumptions. Thus,
the ﬁnal theory showed better agreement with experiments
although it still suffers from an unrealistic stress upturn in the pri-
mary loading.
Although slight stress softening does occur in unﬁlled rubbers
as well, its mechanism differs fundamentally from that one
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motivated another class of theories in which damage is considered
as an effect of ﬁller contribution. Bueche (1960) developed a phys-
ically based model considering consequent debonding of chains
from ﬁllers during the primary loading. He supposed that chains
with different lengths are distributed within the rubber network
and employed statistical mechanics in order to describe the Mul-
lins effect. Further developing his basic assumption of chain break-
age, Dannenberg (1974), Rigbi (1980) attributed softening to the
surface mobility and slippage of bonded segments of polymer
chains over the aggregate surface. Govindjee and Simo (1991) pro-
posed a three-dimensional model of the chain network evolution
which included three new features. First, polymer chain distribu-
tion inside the rubber matrix was implemented. Second, conse-
quent debonding as a direct result of network elongation was
taken into account and, ﬁnally, the concept of network decomposi-
tion was applied in which the rubber network is decomposed into
elastic rubber (CC) and polymer-ﬁller (PP) networks.
Although the resulting three-dimensional model was obtained
by summation over principal strain directions, its numerical imple-
mentation was solely applied to the one-dimensional case. In order
to improve the model, the same authors (Govindjee and Simo,
1992) further proposed a phenomenological concept based on
the previous assumptions. This concept was easily implemented
into a ﬁnite element code and showed good agreement with exper-
imental data. Like the previous formulations this model was isotro-
pic and did not describe permanent set. Drozdov and Dorfmann
(2001) further proposed another kind of the network evolution
theory. They classiﬁed polymer bonds into two groups: ﬂexed
and extended bonds. The number of bonds in these groups evolves
as a consequence of network deformation. With this assumption,
their model was able to consider isotropic stress softening and per-
manent set.
Quite recently, Göktepe and Miehe (2005) proposed an aniso-
tropic extension of the theory by Govindjee and Simo (1992). The
CC network is considered to be purely elastic and its strain energy
is formulated by applying a concept of non-afﬁne micro–macro
transition to a tube model by Kaliske and Heinrich (1999). Damage
is attributed to the PP-network and described by an approach pro-
posed by Govindjee and Simo (1992). The model was able to take
into account permanent set and deformation induced anisotropy
which represents a clear advantage in comparison to previous
models. However, the model was not compared to experimental
data on anisotropy of the Mullins effect while softening was simu-
lated by means of a phenomenological damage function.
Another model by Diani et al. (2006) was obtained as an exten-
sion of the network alteration theory. In order to predict induced
anisotropy and permanent set the model utilizes a phenomenolog-
ical damage function. It demonstrates good agreement with exper-
iments for the unloading in the ﬁrst direction but suffers from an
unrealistic stress upturn in the prediction of the loading branches.
In the present paper, we pursue the concept of network decom-
position by Govindjee and Simo (1991) and propose a new micro-
mechanical model for the polymer-ﬁller network where softening
of the equilibrium stress–stretch behavior is based an evolution of
the polymer chain network suspended between carbon black
aggregates. Finally, the model is compared with own experimental
data on subsequent uniaxial tensions in two orthogonal directions
in order to validate its behavior both with respect to the aniso-
tropic Mullins effect and permanent set.
The paper is organized as follows. The fundamentals of statisti-
cal polymer mechanics are reviewed in Section 2. The network
decomposition concept is discussed in Section 3. In Section 4, our
network evolution theory is presented and constitutive equations
for a set of chains oriented in a particular direction are derived.
Then, the micro–macro transition is accomplished in Section 5.After a parameter analysis in Section 6, our experimental study is
presented and its results are compared with the simulation on
the basis of the proposed model (Section 7).
2. Statistical mechanics of polymers
2.1. Statistical mechanics of a single chain
Experimental observations conﬁrm that polymer molecules in-
side carbon black (CB) ﬁlled rubbers are usually cross-linked and
bonded to aggregate surfaces at many points along their length
and they usually consist of a high number of monomers bonded to-
gether. Due to energy barriers, adjacent monomers keep a certain
angle between each other generally referred to as valence angle.
Considering the valence angle as a material parameter, we apply
the freely rotating chain (FRC) concept in order to model polymer
molecules. Within this concept, a chain is deﬁned as the whole or a
part of a polymer molecule limited between two constrained seg-
ments, each of them might be either bonded to the aggregate sur-
face or cross-linked with other chains. Now, consider a FRC with n
segments each of length l. Let R be a vector connecting two ends of
this chain. The length of this vector r is referred to as end-to-end
distance. Using the abbreviation
a ¼ 1 cos h
1þ cos h
 2
; ð1Þ
where h denotes the supplement of the valence angle and following
the lead of Bueche (1960), Govindjee and Simo (1991), the probabil-
ity density function for a FRC is obtained as
pðrÞdr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3a
2pnl2
s
e
3ar2
2nl2dr: ð2Þ
The above function shows a better agreement with the exact chain
distribution than a non-Gaussian one (see, e.g., Treloar, 1975),
although the latter one is still advantageous in application to the
calculation of the entropy and the resulting free energy. For this rea-
son, the non-Gaussian distribution will be used in the next chapter
for the derivation of the free energy of the FRC.
2.2. Probability distribution function of polymer chains between
aggregate surfaces
Within the rubber matrix, ﬁller particles are joined together and
form aggregates representing the smallest colony of ﬁllers. In turn,
aggregates are connected to polymer molecules at different places
on their surfaces. The aggregate surface is not homogeneous. It
consists of a low-energy background with some chemically highly
energetic sites. The latter ones called active adsorption sites are
responsible for binding with polymer segments. The hierarchical
structure of ﬁller reinforcement is schematically shown in Fig. 1.
Let A be the total area of active adsorption sites inside the rub-
ber matrix and N be the number of bonded segments of polymer
chains per unit volume. Then, one deﬁnes the average area of ac-
tive adsorption sites available for the formation of a bond with
one structural segment of a polymer chain as j ¼ A=N (see, e.g.,
Bueche, 1961).
We consider further a set of chains in a particular direction
d ¼ R=r both ends of which are connected to two aggregate sur-
faces. In order to evaluate the end-to-end distance of polymer
chains between the aggregates, the rough fractal surface of the
aggregates is simpliﬁed as a non-penetrable, ﬂat surface. Accord-
ingly, in the following we assume that the aggregate surfaces are
separated by an average distance r (Fig. 1).
A chain segment is assumed to be bonded to the active adsorp-
tion site if its end is placed within a certain distance Dr from the
Fig. 1. Hierarchical structure of ﬁller reinforcement with polymer chain bonds to aggregate surfaces.
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this chain is also bonded to active sites of the opposite aggregate is
pðrÞ ¼ jDr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3a
2pnl2
s
e
3ar2
2nl2 ; ð3Þ
where jDr represents the volume where the bonding of segments
to aggregate surface can take place. The assumption that Dr = l gives
a good estimation for the probability function (see, e.g., Bueche,
1961).
Thereby, we assume that none of segments between the num-
ber 1 and n is joined to an aggregate surface in the sense of the 0
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Fig. 2. Effect of j on the probabilityabove concept of the polymer-aggregate bond. Considering r ¼ rl
as relative distance, the probability of this state is expressed as
(cf. Govindjee and Simo, 1991)
Pðn;rÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3aj2
2pn
r
eB; ð4Þ
where
B ¼ G jﬃﬃﬃ
p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6an
p
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Fig. 3. Network decomposition concept.
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function of n is studied. All curves are normalized to render their
integral to unity. It is seen, for example, that with increasing j
the mean value of n decreases, which can be explained from the mi-
cro-mechanical point of view. Indeed, the increasing ﬁller concen-
tration effecting j leads to a shortening of the average distance
between aggregates so that the probability of longer chains be-
tween them decreases.
The probability function (4) includes the additional parameter b
which solely depends on the molecular structure of chains. Thus,
the representations of Bueche (1961), Govindjee and Simo (1991)
result from (4) as special cases by setting there j ¼ l2r ﬃﬃpp ; b ¼ 1
and j ¼ 2; b ¼ 1, respectively.
2.3. Chains substitution
The number n and length l of segments of a FRC are related to
those of the so-called freely jointed chain, ni and li, respectively
by Kuhn (1934)
li ¼ al; ni ¼ bn; ð6Þ
where the coefﬁcients a and b are calculated by Treloar (1975)
a ¼ 1
cos h2
  ﬃﬃﬃ
a
p ; b ¼ cos2 h
2
  ﬃﬃﬃ
a
p
: ð7Þ
The free energy of the FRC can be obtained on the basis of the chain
substitution concept (Flory, 1989; Treloar, 1975). By this means, the
valence angle is taken into account. Accordingly, the non-Gaussian
strain energy of the FRC can be written by
wcðn;rÞ ¼ bnKT
r
abn
bþ ln b
sinhb
 
; ð8Þ
where b ¼L1 rlabn
 
andL1 denotes the inverse Langevin function.
Finally, T stands for the temperature (isothermal condition is as-
sumed) and K is Boltzmann’s constant. The free energy function
(8) resulting from the FRC concept will further be implemented
for all polymeric chains in the rubber matrix.
A good approximation of the inverse Langevin function can be
achieved, for example, by the following approximation (Puso,
2003)
L1ðxÞ ﬃ 3x
1 x3 : ð9Þ
The chain force can further be calculated as
Fðn;rÞ ¼ @wc
@r
¼ @wc
@r
@r
@r
¼ KT
al
L1
r
abn
 
: ð10Þ3. Network decomposition
Our model is based on the network decomposition concept
which was widely used in order to describe the microstructure of
ﬁlled rubber-like materials (see, e.g., Klüppel, 2003). According to
Govindjee and Simo (1991), the rubber matrix is decomposed into
a pure rubber network and a polymer-ﬁller network which act par-
allel to each other. In line with this assumption, the free energy of
the rubber matrix WM can be represented by
WM ¼ Wcc þWpp; ð11Þ
whereWcc andWpp denote the free energies of chains in pure rubber
network and chains distributed between ﬁller aggregates, respec-
tively. By this means, one assumes that there is no interaction be-
tween both networks. The network decomposition concept is
illustrated in Fig. 3.3.1. Pure rubber network
According to numerous experimental data (see, e.g., Rault et al.,
2006) stress softening in rubber-like elastomers originates from (or
at least considerably ampliﬁed by) the ﬁller reinforcement.
Although stress softening has also been observed in unﬁlled rub-
bers, its magnitude can be neglected in comparison to that one
occurring in ﬁlled elastomers. For this reason, in the present study,
the pure rubber network will be considered as a perfectly elastic
component.
In order to estimate the entropic energy of a single chain one as-
sumes that all chains are initially in the unperturbed state. Note
that ﬁller aggregates have no effect on the average micro-stretch
imposed on chains in the pure rubber network. This implies that
the cross-link motion is afﬁne so that
r ¼ vd
ﬃﬃﬃﬃﬃﬃﬃ
nl2ﬃﬃﬃ
a
p
s
; r ¼ vd
ﬃﬃﬃﬃﬃﬃﬃ
nﬃﬃﬃ
a
p
r
; ð12Þ
where v
d
is the macro-stretch in the direction d. Thus, according to
(8), the entropic energy of single chain in this direction can be writ-
ten as
w n;v
d
 
¼ wcðn;rÞ
¼ KT vd
ﬃﬃﬃﬃﬃﬃ
bn
p
L1
v
dﬃﬃﬃﬃﬃﬃ
bn
p
0
@
1
Aþ ln L
1 vdﬃﬃﬃﬃ
bn
p
 
sinhL1 v
dﬃﬃﬃﬃ
bn
p
 
0
BB@
1
CCA: ð13Þ
In order to obtain the free energy of the whole network one then
substitutes n by the average number of segments nc , multiplies
(13) by the average number of chains Nc in the direction d and ﬁnal-
ly integrates over the unit sphere (see Section 5.2).
The main advantage of this model is that it includes only two
physical constants Nc and nc , which can easily be determined by
ﬁtting to experimental data. Simplifying this approach, many iso-
tropic models are proposed, which do not require numerical inte-
gration, like three, four and eight chain models. In spite of this
simpliﬁcation, some of these models show good agreements with
experimental data on the isotropic behavior (see, e.g., Marckmann
and Verron, 2006). Note that the free energy function (13) is known
and given here just for completeness. Our contribution is a new
form of the free energy function taking into account anisotropic
damage due to the network evolution. The concept of this network
evolution is presented in the next section.
Fig. 4. Illustration of the consequent debonding mechanism.
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The evolution of the polymer-ﬁller network is assumed to be
responsible for the already mentioned stress softening. In order
to calculate the contribution of the polymer-ﬁller network to the
free energy Wpp, we consider a particular direction d. Let Nðn;rÞ
be the number of chains with the number of segments (relative
length) n, the relative end-to-end distance r and the end-to-end
direction d.
Now, by considering ﬁller aggregates as rigid bodies, the free
energy of the corresponding polymer-ﬁller network is expressed
by
Nðn;rÞwcðn;rÞ; ð14Þ
where wc is given by Eq. (8). Integration over the whole set DA of rel-
ative chain lengths n available in the direction d further yields the
free energy of chains in this direction as
W
d
¼
Z
DA
Nðn;rÞwcðn;rÞdn; ð15Þ
which will further be discussed in the context of network evolution.Fig. 5. Distribution function of and force developed by chains with an equal initial
relative end-to-end distance r0 and prestretched by km .4. Network evolution
In the previous section the model of the virgin (undeformed,
undamaged) ﬁller-reinforced rubber has been presented. Deforma-
tion of the material leads to the evolution of the polymer-ﬁller net-
work which, in turn, results in many important deformation
induced phenomena like stress softening, anisotropy or permanent
set.
In the following, the network evolution is understood to be an
interaction of two simultaneous processes referred to as aggre-
gate-polymer debonding and network rearrangement. In this sec-
tion, each of these processes and their contributions to the above
mentioned deformation induced effects will be discussed in detail.
4.1. Aggregate-polymer debonding
Consider a set of polymer chains placed between two aggre-
gates and bounded to their active sites (see Fig. 4). Recall that these
polymer chains generally represent a part of longer molecular
chains. Let us denote the averaged inter-aggregate distance in
the virgin and elongated network by r0 and k1r0 (k2r0), respectively,
where k1 < k2 represent micro-stretches in the inter-aggregate
direction d. In the course of deformation, the polymer chains begin
to slide on or debond from the aggregates. This debonding starts
with the shortest chain and gradually involves longer and longer
chains.
The strength of monomer bonds within polymer chains is far
higher than that of polymer-ﬁller bonds. Thus, even at large strains
polymer chains do not break but rather slide from their bonding
sites on the aggregate surface. During consequent unloading, the
distance between aggregates again decreases. However, the deb-
onded chains do not reattach back to the aggregates surface. Thus,
the maximal micro-stretch km previously reached in the loading
history is crucial for the description of the polymer-ﬁller
debonding.
In order to formalize the sliding process, we consider Fig. 5, in
which the distribution proﬁle of polymer chains with initial rela-
tive distance r0 ¼ r0=l is plotted versus the number of segments
n. The below diagram illustrates the chain force versus the number
of segments. Clearly, this force tends to inﬁnity as the end-to-end
distance of the chains tends to its inextensibility limit.
The debonding or the sliding takes place if the force magnitude
exceeds the effective interaction strength of polymer-ﬁller bondsdenoted by Feffcf . This force is achieved when a chain reaches its
maximal length which is expressed as tkmr0, where t > 1 denotes
a sliding ratio. Thus, the chains with the contour length L < tkmr0
are already debonded. By means of (7), this condition can alterna-
tively be written as (see Fig. 5)
n <
tkmr0
ab
: ð16Þ
Thus, the sliding ratio results from the equation
Fðncf ; kmr0Þ ¼ Feffcf ; ð17Þ
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debonding. Taking (10) into account we get
ncf ¼
r
L
Feff
cf al
KT
 
ab
: ð18Þ
On the other hand, one can write according to (16)
ncf ¼ tkm
r0
ab
: ð19Þ
Comparison of these two expressions yields
t ¼ 1
L
Feff
cf al
KT
  ; ð20Þ
where we keep in mind that r ¼ kmr0 is true just in the case of pri-
mary loading, at which the debonding can occur.
According to Huber and Vilgis (1998) the value of Feffcf does not
depend on the length of the chain, although several other parame-
ters (e.g., the aggregate surface geometry, chain geometrical posi-
tion with respect to the aggregate surface, etc.) effect it. For this
reason, Feffcf averaged over all active aggregate surfaces can and will
be considered as a material parameter. In view of (20), this is true
for the sliding ratio t as well, since it is uniquely expressed in
terms of Feffcf and other material constants.
It is seen that the relative length of a chain connecting two adja-
cent aggregates is bounded below by ncf . Looking at Fig. 6 one can
see that it can also be bounded above. Indeed, chains whose length
exceeds some upper limit could not be placed between the aggre-
gates even from the purely geometrical point of view. First, the
Gaussian distribution function of chains between two aggregates
does not take into account the ﬁnite volume of the molecules
which becomes relevant for long chains. Second, the probability
of a long chain between two aggregates without intermediate
bounds to their active sides is considerably less than the predicted
value. Third, aggregates represent rigid geometrical obstacles for
chains paths which are not considered by the Gaussian distribution
but, considerably reduce the probability of long chain paths. Fur-
thermore, long chains will probably intersect themselves and build
internal cross-links whose contribution is taken into account by
the rubber network contribution. This justiﬁes the assumption of
the relative length upper limit nmax of chains connecting two
aggregates.
Accordingly, the set of available relative lengths of chains
bounded to aggregates in the direction d can be expressed by
DA km
d
 
¼ n m km
d
r0
ab
6 n 6 nmax
						
9=
;
8<
: ; ð21ÞFig. 6. Geometrical placement of chains between two aggregates.where km
d
denotes the maximal micro-stretch reached in this direc-
tion. By means of this value the loading history inﬂuences the mate-
rial behavior in the direction d.
Note that the set (21) is deﬁned for freely rotating chains and is
direction dependent. Thus, it can be considered as a three-dimen-
sional extension of the one-dimensional domain proposed by Gov-
indjee and Simo (1991) for freely jointed chains. Besides, Eq. (21)
includes the upperbound parameter nmax which restricts the num-
ber of active segments to a ﬁnite number.
4.2. Network rearrangement
The concept of chain rearrangement in rubber network as a re-
sult of deformation has recently been explored (see, e.g., Govindjee
and Simo, 1991; Diani et al., 2006). It is usually assumed that after
debonding chains do not contribute to the network entropic energy
any more and their energy is thus lost. This concept considers
molecular chains bonded to aggregates only at two points which
might be, indeed, well justiﬁed for relatively short chains. However,
longer molecular chains are usually bonded at different places to
aggregates and have numerous cross-linkages with other chains.
During polymerization, molecular chains with a high number of
segments (often known as degree of polymerization) normally ap-
pear. Several micro-mechanical methods have been developed in or-
der to determine the distribution of the molecular chain lengths in
rubber network in the steady state after the polymerization (see,
e.g., Ito, 1969; Smeulders and Govindjee, 1999). According to some
studies on this subject themean value of the chain length is relatively
high. For example, for polystyrene this value is more than 105 (see,
e.g., De Gennes, 1979). For this reason, the actual status of a polymer
molecule with many linkages to aggregates and other chains should
be taken into account in thenetworkmodeling.Detachment of chains
from the aggregate surface does not necessarily result in the com-
plete loss of their role in the network entropic energy. Vice versa,
thedebonding can even lead to the recruiting of somenewactive seg-
ments. Indeed, we can imagine three simultaneously happening
competitive processes accompanying debonding (see Fig. 7):
1. Deactivation of some segments.
2. Activation of some segments.
3. No effect on number of active segments.
Note also that with increasing inter-aggregate distance one of
these processes triggers another one and so on. All in all, one canFig. 7. Effect of chain detachment on the number of active segments.
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(see, e.g., Marckmann et al., 2002). The debonding is also consid-
ered as an irreversible process such that no new bonds can appear
during the further loading or after unloading.
As discussed before, we assume the Gaussian pattern for the
chains distribution Pðn;r0Þ between aggregates both in the refer-
ence and deformed conﬁguration. Since the integration will be car-
ried out only over the set available chains DAZ
DA km
d
  Pðn;r0Þdn < 1: ð22Þ
In order to satisfy the normalization condition, a normalization
function gðkm
d
Þ is introduced such thatZ
DA km
d
  Pðn;r0Þg kmd
 
dn ¼ 1: ð23Þ
The ampliﬁcation of the probability distribution caused by the func-
tion gðkm
d
Þ is illustrated in Fig. 8.
Multiplying then the term Pðn;r0Þgðkm
d
Þ by the total number of
active chains NcðrÞ with the relative end-to-end distance r per unit
referential volume, we obtain the distribution function
Nðn;rÞ ¼ NcðrÞg km
d
 
Pðn;r0Þ: ð24Þ
Taking further into account that this distribution may change only
during primary loading, where k ¼ km
d
, yields
Nðn;rÞ ¼ Nc km
d
r0
 
g km
d
 
Pðn;r0Þ ¼ N
_
p km
d
 
P
_
ðnÞ; ð25Þ
where the abbreviations N
_
pðkm
d
Þ ¼ Ncðkm
d
r0Þgðkm
d
Þ and P
_
ðnÞ ¼ Pðn;r0Þ
are used. The earlier assumption of a constant number of active seg-
ments leads to the conditionZ
DAð1Þ
N
_
pð1Þ P
_
ðnÞndn ¼
Z
DA km
d
  N_p kmd
 
P
_
ðnÞndn: ð26Þ
Since N
_
pðkm
d
Þ does not depend on n, (26) simpliﬁes to
N
_
pð1Þ
Z
DAð1Þ
P
_
ðnÞndn ¼ N
_
p km
d
 Z
DA km
d
  P_ðnÞndn: ð27Þ
By means of the abbreviations
N0 ¼ N
_
pð1Þ; U km
d
 
¼
R
DAð1Þ P
_
ðnÞndnR
DAðkm
d
Þ
P
_
ðnÞndn
; ð28ÞFig. 8. Effect of normalization factor on probability distribution.one thus receives
N
_
p km
d
 
¼ N0U km
d
 
: ð29Þ
The variable N0 represents the number of active chains per unit
undeformed volume. It depends on the molecular mass of segments
and density of the polymer network. For this reason, N0 can and will
be considered in the following as a material parameter.
Finally, considering (25) and (29) in (15), we obtain
W
d
¼
Z
DA km
d
  N0U kmd
 
P
_
ðnÞw n; k
d
 
dn: ð30Þ5. Transition to the macro-model
5.1. 3D generalization
Now, we are going to formulate the macroscopic energy of the
three-dimensional network. It is generally assumed that the virgin
rubber network is initially homogeneous and isotropic and the
macroscopic free energy is regarded as the sum of microscopic
strain energies of all active chains available within the network
which can be calculated by integration over the unit sphere. Apply-
ing the isotropic space distribution (chains are spread equally in all
directions), we can write
Wcc ¼ 14p
Z
S
Ncw n;v
d
 
du
d
; Wpp ¼ 14p
Z
S
W
d
du
d
; ð31Þ
where S represents the unit sphere. The integration is carried out
numerically by
Wcc ﬃ
Xk
i¼1
Ncwðn;v
diÞwi; Wpp ﬃ
Xk
i¼1
W
di
wi; ð32Þ
where wi are weight factors corresponding to the collocation direc-
tions di ði ¼ 1;2; . . . ; kÞ. The numerical scheme with 21 integration
points by Bazˇant and Oh (1986) is used.
Substitution of (30) into (32) results in:
Wcc ¼
Xk
i¼1
wiNcw n;v
di
 
; ð33Þ
Wpp ¼
Xk
i¼1
wi
Z
DA km
di
  N0U kmdi
 
P
_
ðnÞw n; k
di
 
dn: ð34Þ5.2. Strain ampliﬁcation
In ﬁller-reinforced rubber networks, the stretch of the polymer
chains between aggregates (mirco-stretch) generally exceeds the
stretch applied to the rubber matrix (macro-stretch). This phenom-
enon is referred to as strain ampliﬁcation. The strain ampliﬁcation
concept is based on the fact that the ﬁller aggregates are consider-
ably stiffer than polymer chains connecting them. This inhomoge-
neity of the material leads to the inhomogeneity in the micro-
stretch distribution. The strain ampliﬁcation theory goes back to
Harwood et al. (1965).
In order to quantify the strain ampliﬁcation, a concept of hydro-
dynamic reinforcement can be used. Accordingly, the ampliﬁcation
function X establishing a relationship between the micro-stretch k
d
and the macro-stretch v
d
in the direction d is deﬁned by
k
d
¼ X vd
 
¼ v
d Cx
1 Cx ; ð35Þ
Table 1
Parameters of the network evolution model for 50 phr CR.
j m r0 nmax nc N0KT NcKT
4.1 1.001383 8.216 100 100 0.80 MPa 0.87 MPa
2974 R. Dargazany, M. Itskov / International Journal of Solids and Structures 46 (2009) 2967–2977where C 2 ð0;1Þ represents the volume fraction of ﬁller (C < 0:3 in
most studies). The exponent x depends on the structure of the ﬁller
network. For example, Bueche (1961) showed that x ¼ 1=3 in the
case of statistically homogeneous distribution of spherical particles
(see also Govindjee, 1997; Bergström and Boyce, 1999). For the real-
istic distribution of aggregates the above value can and will be used
as a rough approximation. This concept was veriﬁed experimentally
by Rault et al. (2006) and is based on the following reasonable
assumptions:
1. Filler aggregates are distributed randomly and even colonized
randomly in three dimensions.
2. The stiffness of rubber matrix is negligible in comparison to that
one of ﬁller aggregates which can thus be considered as rigid
inclusions.
From the micro-mechanical point of view, strain ampliﬁcation
as a result of the hydrodynamic reinforcement strongly depends
on the particle properties and the aggregation process. Thus, con-
sidering deformation of aggregates, more accurate models of strain
ampliﬁcation can be developed, which is not a subject of the pres-
ent study.
Note that the strain ampliﬁcation concept applies to micro-
stretches and does not contradict the incompressibility constraint
discussed in the next section. Indeed, this constraint is a purely
phenomenological, macroscopic phenomenon and does not neces-
sarily hold for microscopic deformations.
5.3. Final formulation
Now, the total strain energy of the network can be obtained by
inserting (34) into (11). Taking the incompressibility condition
detF ¼ 1 ð36Þ
into account the constitutive equation for the ﬁrst Piola-Kirchhoff
stress tensor T can be written by
T ¼ @WM
@F
 pFT ¼ @Wcc
@F
þ @Wpp
@F
 pFT ; ð37Þ
where F denotes the deformation gradient and p stands for an arbi-
trary scalar parameter which can be deﬁned according to a particu-
lar boundary value problem. In view of (13) and 35, we thus obtain:
T ¼
Xk
i¼1
wiNc
w nc;v
di
 
@ v
di
@ v
di
@F
þ N0
Xk
i¼1
wi
@ k
di
@ v
di
@ v
di
@F
Z
D
A km
di
  U km
di
 
P
_
ðnÞ
@w n; k
di
 
@ k
di
dn pFT ;
ð38Þ
where nc and Nc denote the average number of segments within one
chain and the whole number of chains in the pure rubber network,
respectively. Note also that micro-stretches k
di
are calculated accord-
ing to (35).6. Parameter study
The model presented above includes at all seven material
parameters: j, m, r0, nmax, nc , N0KT and NcKT. The effect of the latter
two parameters is linear since they appear in the free energy func-
tions of the pure rubber and polymer-ﬁller networks as propor-
tionality factors. Further, nc governs the response of the pure
elastic network which does not inﬂuence the stress softening andanisotropic material behavior being the main subject of the present
study. For this reason, we focus in the following on the ﬁrst four
parameters and examine their effect on the overall response of
the proposed model and in particular on the induced anisotropy
and permanent set.
To this end, the behavior of the model is studied in subsequen-
tial uniaxial tension cycles in two orthogonal directions. The re-
sponse to the variation of material constants j, m, r0 and nmax is
then compared to the reference solution obtained with the mate-
rial parameters given in Table 1. The results are presented in
Fig. 9, where every diagram corresponds to the change in only
one of the above parameters with respect to the reference set.
First, we focus on the parameter j (the average area of active
absorption sites of aggregates available for each chain) which
mainly depends on the ﬁller concentration. It is seen (Fig. 9a) that
decrease of j leads to the reduction of all ﬁller induced effects like
stress softening, induced anisotropy and permanent set which is in
complete agreement with experimental results (see, e.g., Rault
et al., 2006). In contrast, at higher values of j one can observe a
drop of stress (Fig. 9b) in spite of the increasing stretch during
the loading in y-direction which implies the material instability.
From the micro-mechanical point of view, this phenomenon can
be explained using the network evolution theory proposed in Sec-
tion 4. Indeed, with increasing j the mean value of normalized
length decreases (see Fig. 2). Shorter chains are characterized by
lower maximal chain extensibility and detach from aggregates at
smaller stretches. By this means, the number of (longer) active
chains becomes insufﬁcient in order to carry out the force between
aggregates.
Next, we consider the effect of the sliding ratio m. In the case,
this parameter tends to 1, the effective interaction strength of
polymer ﬁller bond Feffcf tends to inﬁnity according to (20) (see also
Fig. 5). This leads to inﬁnite increase of the energy dissipated by
the detachment of ﬁller-polymer bonds and as result of that to inﬁ-
nite increase of hysteresis. On the other hand, higher values of m re-
sult in a low dissipation of energy (Fig. 9c and d).
The effect of the initial relative inter-aggregate distance r0 is in
some sense similar to that of j. With increasing values of r0, the
minimal available chain length tkmr0ab increases while the mean value
of normalized length governed by j remains constant (see Fig. 2).
This leads to the similar change of the stress–stretch curve proﬁle
(Fig. 9e and f). Simultaneously, the degree of anisotropy and hys-
teresis ratio decrease. Indeed, higher values of r0 imply lower ac-
tive sites of aggregates available for polymer bonds at the same
amount of ﬁller concentration. In this way, all ﬁller induced effects
except of hydrodynamic reinforcement fade away.
Finally, we focus on the maximal available chain length nmax.
Decrease of this value leads again to the reduction of the mean va-
lue of the normalized length controlled by j. For this reason, we
again observe growth of anisotropy and permanent set (Fig. 9g).
In contrast, higher values of nmax cause no signiﬁcant change in
the stress response (Fig. 9h).
7. Comparison with own experimental data
The objective of this section is to asses predictive capabilities of
the proposed constitutive model by comparison to a new set of
experimental data on subsequential uniaxial loading–unloading
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Fig. 9. Sensitivity analysis of the material parameters included in the model. Solid lines denote reference set of parameters (j ¼ 4:1, m ¼ 1:0013, r0 ¼ 8:22, nmax ¼ 100,
nc ¼ 100, N0KT ¼ 0:80 MPa, NcKT ¼ 0:87 MPa). Circle-line and square-line depict model predictions due to modiﬁed values.
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at room temperature with the strain rate of 40 %min. In this experi-
mental study, a cross-shaped specimen made from 50 phr carbon
black ﬁlled polychloroprene rubber (CR) was used (see Fig. 10).
Thus, the ﬁller concentration was 33% in mass and 20% in volume
(C ¼ 0:2). The four arms of cruciform specimens were multiply slit-
ted parallel to the sides, in order to obtain a nearly homogenousstate of uniaxial tension in the measurement (see, e.g., Pawelski,
2001).
The experimental procedurewas as follows. First, the virgin spec-
imen was subject to loading–unloading cycles of uniaxial tension (x-
direction) with the increasing stretch amplitudes 1.15, 1.30, 1.45,
1.60 and 1.75. At each stretch amplitude, ﬁve cycles were applied.
After unloading to the stress-free state, the sample was unclamped
Fig. 10. Cross-shaped specimen and the loading history.
2976 R. Dargazany, M. Itskov / International Journal of Solids and Structures 46 (2009) 2967–2977and clamped again for the consequent loading in the orthogonal
direction (y-direction). Thus, residual strains accumulated in the
specimen are included in the new reference conﬁguration. Then,
the above described loading procedure was repeated in y-direction.Fig. 12. The nominal stress–stretch curves for the uniaxial
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nominal stress T versus stretch v diagrams. In the case of elonga-
tion in x-direction, the classical Mullins effect and permanent set
are observed after the ﬁrst loading cycle. In y-direction, stress–tension test in x-direction (left) and y-direction (right).
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phenomenon and also show considerable permanent set.
By means of the seven material parameters the model was ﬁt-
ted to the above presented experimental data. To this end, the least
square error function was minimized with the aid of the Leven-
berg–Marquardt algorithm. The so-obtained values of the material
parameters are given in Table 1 while the predicted stress–stretch
curves are plotted in Fig. 12 against the experimental diagrams for
every direction. For the ﬁtting we used the unloading curve corre-
sponding to the stretch amplitude 1.6 in x-direction only. Thus,
good agreement with other loading-unloading curves in x-direc-
tion and all loading–unloading curves in y-direction is obtained
automatically.
8. Conclusion
Recent experimental studies (see, e.g., Diani et al., 2006; Itskov
et al., 2006) revealed that stress softening in ﬁlled rubber-like
materials is a strongly anisotropic phenomenon, which has not
been studied in details yet. The motivating key for this work was
the absence of micro-mechanical models that can describe experi-
mental data on the anisotropic Mullins effect of ﬁlled rubber-like
materials without using empirical damage functions. Thus, we
have proposed in the present paper a purely micro-mechanical
network evolution theory granting a new insight into the damage
mechanism which takes place inside the rubber network. Without
using a damage function, the constitutive formulation is obtained
based on partial energy dissipation of debonded chains and orien-
tational changes in inter-aggregate chain distribution. These orien-
tational changes of microstructure automatically result in the
permanent set and induced anisotropy as macroscopic phenom-
ena. The model includes seven material parameters which all have
a clear physical interpretation.
A simple structure combined with the low number of material
parameters makes the model suitable for a ﬁnite element imple-
mentation. The excellent performance of the model was illustrated
by comparing to a new set of own experimental data particularly
designed to reveal the anisotropic Mullins effect and permanent
set. To this end, the material parameters were evaluated by ﬁtting
only to the unloading curve corresponding to the maximal stretch
amplitude. Good agreement with all other experimental curves is
obtained automatically.
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